We study superconducting-normal-superconducting (SNS) Josephson junctions in onedimensional topological superconductors which support more than one Majorana end mode. The variation of the energy spectrum with the superconducting phase is investigated by combining numerical diagonalizations of tight-binding models describing the SNS junction together with an analysis of appropriate low-energy effective Hamiltonians. We show that the 4π-periodicity characteristic of the fractional dc Josephson effect is preserved. Additionally, the ideal conductance of a NS junction with a topological supraconductor, hosting two Majorana modes at its ends, is doubled compared to the single Majorana case. Last, we illustrate how a nonzero superconducting phase gradient can potentially destroy the phases supporting multiple Majorana end states.
I. INTRODUCTION
Majorana fermions have recently attracted considerable attention in the condensed-matter community due to their exotic character (see recent reviews, Refs. 1 and 2). The fact that they obey non-Abelian statistics makes them interesting candidates for quantum computation. 3 Many systems hosting Majorana fermions have been proposed. One-dimensional semiconducting wires with a strong spin-orbit coupling in the proximity of an s-wave superconductor, and subject to a Zeeman field seem to offer a promising route to observe Majorana fermions. Recent experiments using InSb 4, 5 or InAs 6 quantum wires have reported signatures consistent with Majorana physics in conductance measurements in superconducting-normal (SN) junctions, though it has been shown that the interpretation of the data may not be so straightforward because of the presence of disorder.
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Significant signatures of Majorana physics have also been predicted when two superconducting quantum wires are brought into contact to form a SNS Josephson junction. It has first been shown by Kitaev 11 for singlechannel topological superconducting wires that the two Majorana end states across the junction couple to each other and generate a fractional Josephson effect: instead of the usual 2π, the Josephson current exhibits a periodicity of 4π with the phase difference between the two superconductors. This doubling of the periodicity can be interpreted as the tunneling of "half" of a Cooper pair, hence the term fractional. This prediction has later been extended to many different systems. [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] The fractional Josephson effect has been shown to be robust in a realistic system, even when the Majorana fermions are coupled to other fermionic end states. 22 A direct consequence of the fractional Josephson effect is the presence of anomalous Shapiro steps at double the expected voltage; such doubling has recently been reported experimentally. 23 This fractional Josephson effect can be understood by a simple low-energy effective Hamiltonian that couples the two Majorana fermions γ 1 and γ 2 across the one-dimensional (1D) junction, H eff = iΓ(φ)γ 1 γ 2 , where Γ is the coupling, φ is the superconducting phase difference, and Γ satisfies Γ(π) = 0. The operator iγ 1 γ 2 is obviously a conserved quantity of the Hamiltonian for all values of φ. This guaranties a level crossing at φ = π in the evolution of the energy spectrum with the phase φ.
However, the situation is far from obvious if we consider 1D junctions between wires supporting several Majorana fermions. The question we are addressing in this work is whether the fractional Josephson effect survives in such situations, and whether the periodicity of the phase/current dependence is modified.
This question is relevant in the light of recent studies of a generalized 1D Kitaev chain which supports two end Majorana fermions at each extremity, 24 and of 1D topological superconducting wire that can support multiple end Majorana fermions. It has been recently shown by Tewari and Sau 25 that the effective low-energy Bogoliubov-de Gennes (BdG) Hamiltonian currently used to describe narrow semiconducting wires with a strong spin-orbit coupling, in the presence of a Zeeman splitting and in the proximity of an s-wave superconductor 26, 27 can be made purely real, thereby restoring effectively some time-reversal symmetry (TRS). Consequently, they belong to the symmetry class BDI in the classification of the non-interacting band Hamiltonians. [28] [29] [30] The BDI class implies a Z topological invariant instead of a Z 2 invariant for the D symmetry class. 31 Thus, a 1D topological superconducting wire belonging to the BDI class can support multiple end Majorana fermions.
Along with the time-reversal symmetry (TRS) and an intrinsic particle-hole (p-h) symmetry of the low-energy BdG Hamiltonians, there is a chiral symmetry [28] [29] [30] which prevents the pairs of Majorana zero modes to recombine at the edge. The chiral symmetry can be effectively realized in sufficiently narrow wires, typically for a wire width smaller than the spin-orbit coupling length. 32 In such system, it was shown that two proximate robust Majorana fermions can be created by manipulating the sign of spin-orbit coupling and also that they are robust against disorder and small variations of magnitude of magnetic fields. 33 The presence of several Majorana fermions at one edge of the superconducting wire opens several Andreev transport channels in SN junctions and therefore the conductance can reach the value 2e 2 /h × Q with Q ∈ Z.
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The outline of the paper is as follows: Sec. II presents the tight-binding model for a chain supporting multiple Majorana at its ends, and some general symmetry arguments. Section III analyzes the energy levels and a low-energy effective Hamiltonian in Josephson junctions between topological superconductors with one and two Majorana modes at their ends: the 1−1 junction in III A, the 2 − 2 junction in III B and the 1 − 2 junction in III C. The general case of the p − q junction is briefly discussed in Sec. III D. Then Sec. IV obtains the conductance of an NS junction where the superconductor is topological and supports two Majorana modes at each end. Section V is devoted to breaking the Z phase through the addition of a uniform superconducting phase gradient. Section VI presents the conclusions of the study.
II. MODEL HAMILTONIAN AND SYMMETRY PROPERTIES
In this section, we consider the 1D model of spinless fermions, proposed by Niu et al. in Ref. [24] , which supports several Majorana end states. The Hamiltonian reads
where λ 1 corresponds simultaneously to the nearestneighbor (NN) hopping amplitude and to the nearestneighbor superconducting gap, while λ 2 denotes the nextnearest-neighbor (NNN) hopping amplitude and nextnearest-neighbor superconducting gap. In what follows, the chemical potential µ is set to 1 and λ 1 is assumed positive. When λ 2 = 0, this Hamiltonian in Eq. (1) corresponds to the Kitaev model. 11 Before analyzing the properties of H, let us provide some general symmetry arguments which explain why a general 1D Hamiltonian can sustain phases with more than one Majorana end state.
A. Symmetry arguments and the role played by distant site hopping A 1D superconducting system can have multiple Majorana bound states at its ends when the system is time-reversal invariant (TRI) and exhibits particle-hole symmetry. 24, 25 For the two-band Bogoliubov-de Gennes (BdG) Hamiltonian presented here, this can be seen from the following simple argument. A general two-band BdG Hamiltonian H BdG obeys the particle-hole (p-h) symmetry by construction, and can be written in the p-h basis as
where τ 's are the Pauli matrices in the p-h space. Note that the p-h symmetry requires that
The time-reversal operator for spinless fermions is just the complex conjugation operator. If the system is TRI, the components of h obey the following constraints
Particle-hole and time-reversal symmetries impose the chiral symmetry represented by the operator τ 1 which anti-commutes with the Hamiltonian
If H BdG obeys these symmetries, then it follows that h 1 must vanish. Hence H BdG has only two remaining components andĥ defines therefore a mapping from the Brillouin zone (BZ) to the Bloch "circle",ĥ :
The mapping is characterized by a winding number w which is an integer.
25 Therefore a two-band BdG Hamiltonian belongs to the topological BDI class characterized by a Z topological invariant.
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The expression of the winding number reads
The discrete form for the winding number reads
Note from the symmetry constraints that the kernel of h 2 contains at least the special BZ points 0 and π. To create more Majorana bound states at one end, the winding number must have |w| > 1. This implies that ker h 2 must contain more points in addition to 0 and π. This can happen for example by having more sites in the unit cell. Then new nodes in the energy dispersion develop for k ∈ [0, π] and can lead to higher winding number.
B. Phase diagram
The phase diagram of H has been established in Ref. 24 . Here we recover this phase diagram in a different manner, by using Eq. (7) to unambiguously characterize each topological phase in the (λ 1 , λ 2 ). This phase diagram is drawn for completeness in Fig. 1 . The phase diagram associated with H is characterized by phases with w = 0, 1, 2. Indeed, for λ 2 > 1 + λ 1 or λ 2 < −1 and λ 2 < 1 − λ 1 , H can sustain a phase with two Majorana zero modes localized at each end.
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III. JOSEPHSON JUNCTIONS
In this section, we analyze the Josephson effect in the presence of several Majorana zero modes. Let us consider short Josephson junctions between two wires which can sustain several Majorana end states. The model Hamiltonian reads
The Hamiltonian for the left wire, H L , is described by the Hamiltonian H in Eq.
(1). Note that the same phase variable phase φ is attached to the NN and NNN pairing terms. The second wire is characterized by the parameters (λ
The tunneling Hamiltonian for the short junction can be modeled as
with m the last site of the the left region and m + 1 the first site in the right region. Choosing the hopping integral in the junction to be equal to the left region hopping λ L 2 is purely conventional. Each wire is labeled by a topological index
To form Josephson junctions, wires characterized by winding numbers 1 − 1, 1 − 2 and 2 − 2 respectively, are brought into contact. Without loss of generality, the righthand-side superconductors have real order parameters, while the left-hand-side superconductors have a superconducting (SC) phase φ. The low-energy Hamiltonian is assumed to contain only phase-dependent coupling terms between the Majorana fermions.
tions which support Majorana fermions. We present below the 1 − 1, 1 − 2 and 2 − 2 junctions as sketched in Fig. 2 .
Before analyzing the Josephson effect in junctions made with wires supporting multiple Majorana fermions, one may ask if a complex superconducting order parameter in a topological superconducting wire can have an effect on its phase diagram. However, while H R (φ) is generically complex, a uniform phase φ can be gauged away, yielding a real Hamiltonian and the same phase diagram as the one depicted in Fig. 1 .
Let us first consider a Josephson junction between two wires with a topological index w α = 1. This type of junction has been extensively studied; here it is checked that the model yields results consistent with the known physics. The coupling constants are chosen to be (λ α 1 , λ α 2 ) = (1, 1). The numerical results for the dependence of the energy levels of this junction with the phase difference recover a zero-energy linear crossing at φ = π consistent with a 4π periodicity in the anomalous Josephson effect (see Fig. 3 ). The eigenvalue spectrum of the junction for φ = 0, π/2, π is plotted in Fig. 3 . Only for φ = π one recovers four zero-energy eigenvalues which correspond to four Majorana fermions: one at each extremity and two at the junction.
The 4π periodicity can be understood from a simple effective low-energy Hamiltonian.
11 The overlap between the wave functions of the two Majorana fermions at the extremities with the Majorana fermions at the interface is neglected. The simplest low-energy effective Hamiltonian can be written as 11,13-18,35
where γ 1 is a Majorana fermion at the right end of the first wire, γ 2 a Majorana fermion localized at the left end of the second wire and t 12 the effective tunneling amplitude (see Fig. 2 ). One can check that the cosine behavior reproduces well the low energy spectrum. Introducing Energy Eigenvalue Index 
B. The 2 − 2 Josephson junction
Let us consider now a junction between two topological superconductors characterized by winding numbers w α = 2.
Analysis of the spectrum
The eigenvalue spectrum for a 2 − 2 junction is computed numerically. The result is shown in Fig. 4 . The first important thing to note is that the anomalous 4π periodicity still holds. The only difference is that there are now four Majorana fermions forming at the junction when the phase difference is φ = π. At each extremity of the system there are also two Majorana fermions Energy Eigenvalue Index 
which subsist for any value of φ, making the ground state eight-fold degenerate at φ = π (see Fig. 4) .
A low-energy Hamiltonian capable to describe the numerical results presented in Fig. 4 eff is fixed by enforcing a 2π periodicity together with the constraint that for φ = 0 there is no direct coupling between γ 1 and γ 2 , nor between γ 3 and γ 4 .
24 The cos(φ/2) is required by gauge invariance. The effective Hamiltonian formally contains some direct tunneling terms between the Majorana fermions on the same side of the junctions (t 12 and t 34 ) which may be nonzero (f 22 (φ) = 0) when φ = nπ. However, one can argue that such terms must be less significant since they are the result of higher-order hopping processes between the two superconductors. Moreover, because they are odd functions of φ, they are neglected in the following description of the low-energy spectrum at φ = π.
Contrary (12) where (11) was neglected, the form of the c ± fermions as a function of the original Majorana fermions remains complicated. For example, under the reasonable assumption that the coupling strength between Majorana fermions situated at the same distance across the junction is identical, t 13 = t 24 , if follows that
, with
In this basis, the Hamiltonian in Eq. (12) commutes trivially with the occupation numbers of the two fermions n ± = c † ± c ± . Therefore, the occupation numbers of the two fermions are conserved and one can use the eigenvalues of the n ± operators to label the energy branches of the two-particle states, namely the |n + n − states as indicated in Fig. 4 . Such labeling of the four branches thus indicates that the level crossing is protected and hence guarantees the 4π-periodicity of the dc Josephson effect for the 2−2 junction. Concerning the tight-binding Hamiltonian, the value of E 2−2 ± can be found numerically from a linear fit at low energy near φ = π in Fig. 4 .
Analysis of the Majorana polarization
A useful tool to analyze the behavior of Majorana fermions is the Majorana polarization, a local topological order parameter introduced in Ref. 36 . The Majorana polarization is proportional to the overlap of a wave function solution of the BdG equations with its particlehole conjugate. This allows us to identify the presence of Majorana fermions at zero energy. Here, we define the xand y-Majorana polarizations at zero energy and at site i on a chain of length N as
where the sum is over all (2N ) energy eigenvalues. The eigenvectors Ψ j follow by solving numerically the meanfield BdG equation, H BdG Ψ j = E j Ψ j . The weight w controls the spread of the energy eigenstates and is chosen in numerical simulation as N −1 = 10 −2 . The contribution of higher-energy states is thus exponentially suppressed. Subsequently the local Majorana polarization density is defined as the absolute value of the overlap,
My . The existence of a Majorana fermion is recorded as a zero-energy Majorana polarization density of 0.5 over a finite region of the wire. A Majorana fermion can have a x-and y-Majorana polarization. However, when the Hamiltonian is real, here at φ = 0 and φ = π, the y-Majorana polarization P My vanishes. When the superconducting parameter acquires a phase, the polarization along the y direction is generally nonzero.
Here, similar to Ref. 37 , the end Majorana fermions respond to the variation of φ by rotating their Majorana polarization. This is due to the superconducting parameter becoming complex. However at φ = π the superconducting parameter becomes real again and the zero-energy end states have the same Majorana polarization. For this particular value of the phase, four new Majorana fermions form at the junction, two in each wire, their x-Majorana polarization compensating the Majorana polarization of the end modes (see Fig. 5 ).
C. The 1 − 2 Josephson junction
In the following, we restrict our attention to the 1 − 2 junction. This is a particularly interesting problem since two distinct topological sectors are brought into contact via a Josephson junction. Here we assume that the left region is characterized by a winding number w L = 1 and has the couplings λ 
Analysis of the spectrum
It is expected that the physics of this junction will be dominated by three interacting Majorana fermions localized at the interface. One can show that for a winding number difference of 1 between the right and left sides of the junction, one Majorana mode is bound at the interface for any choice of φ. Moreover, at φ = π the system is triply degenerate with three zero energy Majorana in the junction region (see Fig. 6 ). Let γ 1 denote the Majorana fermion on the left side of the junction, and γ 2 , γ 3 the Majorana fermions on the right side. The gauge invariance of the Hamiltonian suggests that the phase-dependent couplings between γ 1 and γ 2,3 are proportional to cos(φ/2) to compensate the sign change. A low-energy Hamiltonian describing the Majorana coupling in the 1−2 system can thus be written as (16) where f 12 is an odd 2π periodic function of φ. At φ = π this Hamiltonian has three zero-energy eigenstates. For a phase difference of φ = π, the effective Hamiltonian in (16) has one zero eigenvalue (required by the antisymmetry of the 3 × 3 matrix) and two non-zero eigenvalues. The constant zero-energy state, which is a Majorana edge state bound at the interface between two topologically nonequivalent regions, is the result of the difference of one unity between the topological indices of the two regions. Similar to the 2−2 junction, if the last term of Eq. (16) is neglected, the form for the two non-zero eigenvalues becomes
The hopping dependent parameter a = 1 4 t 2 12 + t 2 13 can be determined from a low-energy fit of the numerical dispersion presented in Fig. 6 . Note that taking into account also the term t 23 improves the quality of the fit, especially in the vicinity of the superconducting gap. Note also that, while the fit is accurate up to energies close to the superconducting gap, the effective Hamiltonian H Energy Eigenvalue Index only a low-energy effective Hamiltonian. Therefore, one should not expect this Hamiltonian to describe the full dependence of the energy eigenvalues with the SC phase difference.
Majorana polarization analysis
In the left-side wire, described by a winding number w L = 1, the superconducting parameter is chosen to be real and the single Majorana fermion at the left end is always fully x polarized. For the right-hand-side wire, at the right end there are two Majorana fermions that respond to the twisting of the phase φ by gaining a ypolarization; The behavior of the x and y polarizations of these modes is presented in Fig. 7 .
Let us now analyze what happens at the junction between the two wires. At φ = π, three Majorana fermions are expected. For any other value of φ, there is always at least one Majorana fermion stuck at the interface between the two topologically nonequivalent regions. This can be seen by plotting the zero-energy density of states, as well as the zero-energy Majorana polarization, integrated over the 40 sites around the junction. In Fig. 8 we plot the integrated zero-energy density of states. Note that for φ = π the density of states is constant and equal to 0.5 corresponding to a single Majorana mode bound at the junction. The sharp jump between 0.5 and 1.5 at φ = π describes the contribution of two extra Majorana modes which reach zero energy at φ = π (these two extra zero-energy states appearing at φ = π can also be seen in the spectrum illustrated in Fig. 6 ). This picture is confirmed by a plot of the zero-energy Majorana polarization, also integrated over the 40 sites around the junction. The plot of the Majorana polarization is presented in Fig. 9 ; the jump in the x-Majorana polarization at φ = π can be understood as coming from the two Majo- rana modes that develop at zero energy. Thus, at φ = π there are three Majorana fermions at the two extremities of the wire (one at the left end and two at the right end), fully x-polarized in the positive direction. These fermions are compensated by three Majorana fermions which form in the junction which are fully x-polarized in the opposite direction.
D. A general p − q Josephson junction
In the following, we discuss the general case of a p − q junction between two wires, the left wire hosting p Majorana fermions and the right one hosting q Majorana fermions. Without writing explicit tight-binding Hamiltonians, we treat low-energy effective Hamiltonians for the p − q junction:
where γ L/R,k labels the k th Majorana fermion in the left/right lead. As before, the cos(φ/2) is required by gauge invariance. The direct tunneling terms between Majorana fermions on the same side of the junction are neglected since they are the result of higher-order hopping processes between the two superconductors. Moreover, because these terms would involve odd functions of φ, they can be neglected in the following description of the low-energy spectrum around φ = π.
Two cases must be distinguished depending on the parity of p + q. If p + q is even, the spectral decomposition of the effective Hamiltonian in Eq. 18) can be written as
where the corresponding eigenvalues are complex functions of the hopping variables t ij , and the fermion operator c k is a linear combination of the Majorana operators γ L,i and γ R,j . The p + q Majorana fermions can fuse to form at most (p + q)/2 complex fermions. If p + q is odd, a similar analysis can be performed. Note however that in this case there is always at least one decoupled Majorana mode in the junction, and one can form at most (p + q − 1)/2 complex fermions.
IV. TRANSPORT IN SN JUNCTIONS
We have seen in the previous section that wires supporting multiple Majorana fermions do support a 4π periodic Josephson effect. One may then wonder how to distinguish them from wires supporting a single Majorana fermion. In this section, we show that this can be achieved using transport in SN junctions.
We focus in this section on an SN junction for which the SC is described by the Hamiltonian H in Eq. (1) . For a junction between a wire with one Majorana end state and a normal metal, it has been predicted that the differential conductance exhibits a zero-bias peak of height 2e
2 /h. 2 /h. Here we check this prediction by considering a junction between a wire described by Eq. (1) supporting four Majorana fermions, two at each of its extremities, and a normal wire.
The low-energy properties of such a system are determined by the coupling of the two end Majorana fermions with the normal metal. This coupling can be captured by a 2 × 2 hybridization matrix Γ. In order to compute the low-bias transport properties of this junction, one can directly use the S-matrix formalism developed by Flensberg, 39 and noting that the two wave functions for the Majorana fermions are orthogonal, 24 such that there is no inter-Majorana coupling term.
The resulting expression for the current can be written as
where
−1 denotes the retarded Green's function. The differential conductance becomes
(21) which at T = 0 reduces to
Local Density of States Taking an explicit trace over the transmission matrix, we find
which at zero bias becomes
The zero-bias value of the differential conductance is thus double that expected for a junction with a single Majorana fermion at the interface. This is consistent with each interface Majorana contributing a 2e
2 /h to the total conductance. This line of reasoning can be straightforwardly extended to wires supporting an arbitrary large number of Majorana edge states.
V. WIRES WITH AN INHOMOGENEOUS SUPERCONDUCTING PHASE
It was shown by Niu et al. 24 that, for a system with two Majorana modes at each end, the four zero modes are present provided the time-reversal and chiral symmetries are not broken, namely as long as the system is placed in the BDI class. [28] [29] [30] Breaking time-reversal symmetry leads to the removal of the protection for the two additional Majorana fermions since the system now belongs to the D symmetry class. Then the system can return to the more typical state with at most one Majorana fermion at each end.
Here the fragility of the topological phase is explored again by breaking the TRS through the action of a uniform superconducting phase gradient. Let us take a wire characterized by the topological index w = 2, with parameters λ 1 = 1 and λ 2 = −1.5. A uniform phase gradient can be induced by the presence of supercurrents in the bulk of the superconductor. It was already shown that the phase gradient can be used to manipulate the creation or destruction of Majorana fermions. entire wire is subjected to the phase gradient, the BdG Hamiltonian gains a TRS breaking h 1 (k) odd component:
where the gradient ∇φ is the change of the phase over one site. Note that a phase gradient also creates a nonvanishing h 0 component that multiplies the identity Pauli matrix. Such a term tends to destroy the Cooper pairs. Let us assume a phase gradient, leading to an increase in the superconducting phase from left to right in a 100-site system. Because the Hamiltonian is now complex, the system is no longer characterized by a winding number w, but instead by the Kitaev Z 2 invariant.
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If the entire wire experiences a uniform phase gradient, then it is in a topologically nontrivial Z 2 phase when the condition
is satisfied. Note that at vanishing phase gradient, one recovers the phase diagram in Fig. 1 , with the only change that w = 2 and w = 0 are both trivial Z 2 phases. Therefore the addition of a small gradient ∇φ removes the protection of the Majorana doublets at the end of the wire. The accumulation of a SC phase near the left region of the wire leads to a split of the zero energy modes into regular fermionic states (see Fig. 10 ). Note that for a strong enough phase gradient obeying the condition in Eq. (26) , the insulator makes a transition into a nontrivial Z 2 phase characterized by the presence of a single Majorana state at each end. This case is illustrated in Fig. 11 where we plot the zero-energy Majorana density integrated over the last 20 sites of the right and left side of the wire as a function of the gradient. The phase gradient generally destroys the phase with multiple Majorana fermions since it renders complex the Hamiltonian which describes the wire. Note however that when the gradient is close to 0 or π there is an unusual persistence of a doublet of Majorana fermions on the left side of the wire. This might be explained by observing that the superconducting phase starts at zero on the left side of the wire and the superconducting parameters have only a small complex component for ∇φ 0 or π. Then the Majorana doublet could be understood as a remnant of the Z phase for a small chiral symmetry breaking. Nevertheless, the general conclusion remains valid: the phase gradient can serve as an external knob to switch from a Z topological superconductor to either a trivial or nontrivial Z 2 insulator.
VI. CONCLUSIONS
In this paper, we have studied in detail the Josephson effect between narrow semiconducting wires described by band Hamiltonians in the BDI symmetry class which can support multiple Majorana end modes. Such situation may be encountered in relatively narrow semiconducting wires with a strong spin-orbit coupling, in the presence of a Zeeman splitting and in the proximity of an s-wave superconductor.
Following Niu et al., 24 we mainly focused on two-band Hamiltonians resulting from nearest-and next-nearestneighbor hopping integrals in a tight-binding description of such narrow wires. Based on exact diagonalization of a tight-binding model hosting multiple Majorana fermions together with a low-energy description of the junction, we have shown that the 4π anomalous periodicity of the dc Josephson effect is maintained. Even though the present work considered junctions between topological wires supporting one or two Majorana fermions at their extremities, the low-energy description can be straightforwardly extended to junctions between wires supporting an arbitrary number of Majorana fermions.
Finally, we have shown that a uniform superconducting phase gradient is able to lift the protection for the states with multiple Majorana fermions and push the system into a nontrivial Z 2 state characterized by the presence of a unique Majorana state at each end.
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